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This paper discusses the various methods used to characterize and explore the dynamics of Hamil-
tonian Systems. Drawing on methods used in non-linear dynamical analysis, the authors attempted
to show how to both qualitatively and quantitatively characterize the periodic motion in a series of
Ordinary Differential Equations. This is accomplished using the example of a pair of spring cou-
pled pendula, a 4-dimensional Hamiltonian system. Numerical solutions, vector fields, and poincaré
maps are used as tools to explore periodic motion in this system.

Introduction The output of a deterministic system
can be stable, oscillatory, or chaotic. For a Hamiltonian,
conservative system, this set of possible outputs is further
confined. Hamiltonian systems are idea systems without
damping of any sort. No energy is lost in the system.
Once the system has been set in motion, it will stay in
motion forever. The specific mathematical implications
of systems of this type will be discussed in more detail
later.

Before understanding chaotic motion, it is important
to be able to understand and characterize stable and os-
cillatory motion. Stable outputs are fairly easy to com-
prehend while oscillatory systems and the specific dy-
namics of oscillations are a much more interesting dy-
namic.

This paper attempts to detail the methods used to
quantify the periodic motion in n-dimensional Ordinary
Differential equations. One such system is a pair of spring
coupled pendula shown in figure 1. The equations of mo-
tion for each pendulum were found by D. Stamp and S.
Zimmermann in an early paper written during their first
year at Franklin W. Olin College of Engineering[1]. The
parameters in this series of equations are described physi-
cally in figure 1. Θ1 is the angle of the first pendulum, Θ2

is the angle of the second pendulum, and k is the spring
constant of the spring between the two. Both pendulums
are assumed to be frictionless with point mass of 1 at the
ends. The spring is of equal length to the distance be-
tween the two pendula such that there is no force exerted
on the spring while both pendula are at rest.

In this system, we are attempting to quantify where
the periodic behavior exists and to what extent it ex-
ists. Finding periodicity is one manner of characterizing
a system.

The first step in trying to characterize the system is to
get a general understanding of the dynamics of the sys-
tem. Modeling the system can give a basic understanding
of how the system works and how you can understand it’s
dynamics.

After finding a working model, we can look at qualita-
tive and quantitative methods of observing periodic be-
havior in a system. Looking at numerical solutions gives
a cursory overview. Moving on to characterizing fixed

FIG. 1: Simplified System Diagram with Labeled Pa-
rameters, k, Θ1, and Θ2 In this system, both pendulums
are assumed to be frictionless and free-rotating with point
mass at the ends. The spring is the length of the distance
between the pendula such that there is no force exerted on
the spring while both pendula are at rest.

points and limit cycles further refines the understand-
ing of the system. A Poincaré Map takes the differential
equations and models them as a discrete-time map to
determine periodicity. Finally, a frequency analysis can
further quantize the system.

System Dynamics Our first step in finding the pe-
riodic motion was to model the system. This step is
valuable to familiarizes yourself with the system, how it
works, and what types of motions it displays. In the case
of the spring coupled pendula, we found 3 basic types
of motion. The system is either at rest, unstable, or ex-
hibits “beating behavior” shown in figure 2. This beating
behavior occurs when energy is transferred from one pen-
dulum to the other and back again. It is in this behavior
that some of the most simple periodic behavior lives.

After we have looked at the numerical solutions and
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FIG. 2: Numerical Solution showing Characteristic
“Beating Behavior”. With a low initial offset for pendu-
lum 1, and a very low spring constant, k = .1 we can cause
the system to show a characteristic, periodic behavior. The
energy in the system is being transferred through the spring
from one pendulum to the other. The periodic dynamics of
this system have two distinct frequencies while in this state,
the carrier frequency causing the higher frequency vibrations
of the system and the higher, energy transfer frequency. In
this state, the system behaves remarkably like an amplitude
modulator which is the communications scheme used in AM
radio.

familiarized ourselves with the interesting dynamical be-
haviors of the system, we using a more quantitative ap-
proach to dynamical analysis to more concretely explain
the behavior of the system.

Fixed Points Before we can begin to characterize the
periodic behavior of a system, we first must characterize
the converging behaviors of the system. In ODEs, this
convergence takes the form of fixed points. In the lan-
guage of discrete maps, the definition of a fixed point is
a point that maps to itself. In the continuous world of
differential equations, a fixed point is just a point of con-
vergence. Once the orbit reaches a fixed point, it stays
on that point indefinitely without external influence. In
Hamiltonian systems, the system can never come to rest
at any point unless it has always been at rest. This means
that there are only two fixed points: both pendulums
must sit at π

2 or −π
2 .

This also means that we can very easily characterize
the stability of this fixed point. If either pendulum is
very close the bottom of its swing but not at the bottom,
there will be a transfer of energy from the off-center pen-
dulum to the other through the spring. This will cause
the second pendulum to react and the system will con-
tinue to transfer energy from one pendulum to the other
for ever. The pendulums will only exhibit small angle
variations when disturbed from −π

2 . The fixed point is
in this case, stable. It continues to oscillate infinitely
around the fixed point. However, if disturbed from π

2 ,
the pendulums will fall due to the influence of gravity
and will not oscillate about that fixed point making it an

unstable fixed point.
When we consider the pendula as a system of differ-

ential equations with 4 degrees of freedom, we can plot
the values of these degrees of freedom on a 4 dimensional
coordinate system. Since we cannot visualize this 4 di-
mensional coordinate system, it is valuable to look at a
2D slice of the system to understand the behavior of on
pendulum in relation to the state of the other.

In multi-dimensional space, the derivatives of a func-
tion can be visualized in a vector field. For this analysis,
we hold two degrees of freedom constant and visualize
the change of 2 of the degrees of freedom in 2 dimensions.
Figure 3 shows the Θ̇1 vs. Θ1 with Θ2 held constant at
−π
2 and Θ̇1 held at 0rad/s. Each arrow in this figure

indicates the derivative or the direction of change of the
differential equation at those parameters in that plane.
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FIG. 3: Vector Field with Nullclines and Limit Cy-
cles.This image shows the tresnds of Θ̇1 as Θ1 changes with
Θ2 held constant at −π

2
. Each arrow in this figure indicates

the direction of change of the differential equation at those
parameters in the plane.

Looking at this plane, we can visualize the nullclines
of the system. A nullcline is the line where the derivative
of one parameter is zero. A fixed point is a point of
intersection of all the nullclines. Nullclines can be found
analytically by setting the difference equations to zero
or visually by tracing the line in the vector field where
all the vectors are horizontal. In a 2-dimentional slice
of a vector field, it is hard to see the intersection points
of two nulclines. At Θ1 = −π

2 , the veclocity is zero,
indicating that this is a nulcline. The same is true at
Θ2 = −π

2 . The point of intersection is at
(−π

2 , 0, −π
2 , 0

)

for Θ1, Θ̇1,Θ2, Θ̇2 respectively. The same is true at π
2 .



3

The “shadow” of these fixed points can be seen in the
vector field in figure 3. The areas surrounding the fixed
points have very low incentive to move. The fixed point
at −π

2 is stable with rings of orbits surrounding it while
the fixed point at π

2 is unstable with divergent behavior
surrounding it. The vector diagram gives a visual to the
relative behaviors of the system. From this single figure,
we can see where the system is at rest or in orbit, where it
is stable or unstable, and where the basic periodic motion
lies.

Since we have only 2 fixed points and both require the
initial conditions to be set to the fixed points, this system
exhibits interesting periodic orbits throughout its range.
One way to visualize periodic orbits is the Poincaré Map.

Poincaré Maps take a continuous time system and
sample at discrete measurements in order to discern
trends in behavior. The maps are made by defining a
poincaré space and tracking when an orbit crosses that
space. By plotting as many as 3 parameter values, we
can see if the orbit is oscillating or not. In figure 4 we
defined the poincaré space to be the zero crossing of the
first pendulum and plotted the angle of the second pen-
dulum and the angular velocities of both. The loops in
the Poincaré map indicate that there are oscillations in
the map and by extension, in the system.
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FIG. 4: Poincaré Map Showing Θ2, Θ̇2, and Θ̇1. This
Poincaré Map uses a Poincaré space of Θ1 = −−π

2
. Θ2 is

plotted on the Y-axis, Θ̇2 on the Z-axis, and Θ̇1 on the X-axis.
The system is clearly periodic as evidenced by the distinct
circles in the map. When two sine waves are plotted against
each other, circle and ovals result. We can see from this plot
that the parameters are, at times, periodic.

Limit Cycles Looking back at our vector field draw-
ing in figure 3, we can look for other interesting behav-
iors. We have discussed the importance and usefulness
of the vector field. If the arrows are the direction of a
change in motion, it stands to reason that following the
direction of the arrows can lead to orbits. If an orbit
forms a closed shape, the orbit is an oscillation. These
orbits or loops in a vector field are called Limit Cycles
and they indicate the places where the orbit is periodic.
These limit cycles can be found analytically but they can

also be readily seen on vector plots like those shown in
figure 3. The limit cycles tell us that there is periodicity
but because the limit cycles are plotted in this plane con-
struct, they do not tell us much about the actual tangible
behavior of the system. Taking a look at the frequency
provide interesting insight into what the system is doing.

Frequency Analysis Using a FFT or Fast Fourier
Transform, we can graph the frequency content of the
outputs. This is shown for 2 sets of spring coupled pen-
dula in figure 5. Subplot a shows a system with a low
spring constant while subplot b shows a system with a
much higher spring constant. We can see that the fre-
quency range is much higher for the higher spring con-
stant system. The presence of a larger range of frequency
oscillations with this system shows that the high spring
constant leads to more interaction between the pendu-
lums and also produces a more pronounced spring oscil-
lation component. With the low spring constant, we see
very little frequency content beyond that of a single pen-
dulum swinging in time, indicating that the magnitude of
spring interaction is much smaller than the pendulum’s
independent motion. The fourier transform can be used
to characterize the periodicity once other techniques have
been exhausted in showing the nature of the orbit.

Conclusion By looking at the various methods of de-
termining periodic behavior in a dynamical system, we
have been able to show that spring coupled pendula have
a variety of periodic, oscillatory behaviors. Looking at
the numerical iterations, we found “beating behavior” as
well as other oscillatory behavior with any number of fre-
quency components. The vector field allowed us to find
the two fixed points of our Hamiltonian system as well as
limit cycles that indicate the areas where periodic behav-
ior exists. A poincaré map further proved the existence of
periodic motion by showing us the cyclical and repeating
nature of the orbits. This series of analytical steps gave
us a window through which to look at this dynamical
system.

Further analysis should be done to fully characterize
this system. First, simplifications made to the governing
equations provide an accurate view of system behaviors
when the Θ values for each pendulum are small and when
the spring is not extended far. A modification to these
equations would give a more accurate view of edge be-
havior and the chaotic behavior that occurs when a large
amount of potential energy is stored in the spring when
the system is set in motion. Adding damping and in-
put forces would add fixed points and regions of purely
chaotic behavior. Comparing the behavior of a Hamil-
tonian system to it’s damped counterpart would be an
interesting area of future study. It would also be interest-
ing to take this system and remove some of the physical
simplifications made in this study. Making the pendula
bar masses instead of point masses and taking the mass
of the spring into account would make this a much more
realistic system.
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FIG. 5: A. Frequency Content of the First Pendulum
when the Spring Constant is Low. The Fourier trans-
form shows the frequency response of the system when the
spring forces are dominated by the oscillations of the pendu-
lum. In this case, the spring constant is very low (k = 1).
The low frequencies are the result of the simple oscillation of
the pedulum. In this case, the two pendula act very nearly as
one pendulum with little to no interaction within the system.
B. Frequency Content of the First Pendulum when
the Spring Content is High. The Fourier Transform of
Θ1 shows that when the spring constant is high (k = 100),
additional frequency components can be seen in addition to
the oscillations of the pendulum. In this case, the motion of
one pendula heavily influences the motion of the other and
many frequency components are seen.


