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Financial models can be used to predict and stabilize chaotic economies. We examine a simplified
3-dimensional model’s behavior and relate it to the current economy. Additionally, we propose that
even simple control systems can be used to help stabilize the economy and transition from chaotic
behavior to periodic behavior.

- We need to decide if we want to compare the euler map and the ODE or not.
- - Where are we going with this?

IntroductionThe study of financial dynamics is a
broad and growing field. Financial models are used
by analysts to predict changes in the economy. The
traditional economic model took a Stochastic approach.
Stochastic analysis assumes that the aperiodic behavior
of the economy is due to some random extraneous force
that ”hits” the economy and causes upsets. The major
problem with this approach is that it doesn’t elucidate
the underlying dynamics of the financial system. Re-
cent upsets in the economy including the internet bubble
of 2000 and the mortgage bubble of 2008 have sparked
a paradigm shift in financial modeling algorithms from
linear, stochastic systems, to non-linear systems. These
nonlinear systems accounts for the deterministic nature
of the economy and better accounts for abnormalities.
This non-linear approach is paving the way for better
financial models[1].

Various non-linear economic models have been devel-
oped. Each has it’s own set of assumptions and pa-
rameters. No model is perfect and each takes a differ-
ent approach at predicting the future behavior of some
aspect of the economy. One such simplified model re-
searched by WC Chen is shown in equation 1. WC Chen
compiled this simplified model from known non-linear
economics models for the purpose of whole-scale non-
linear analysis[1]. This simplified model gives a broad
scale view of the economy while still providing meaning-
ful quantitative data. The three dimensions in the model
can give us an idea of the overall stability of the economy.

Ẋ = Z + (Y − a)X

Ẏ = 1− bY −X2

Ż = −X − cZ

(1)

In equation 1, X is the interest rate, Y is investment
demand, and Z is the price index. The interest rate is
the rate of return on investments and is set by the Fed-
eral Reserve. The Federal Reserve changes this rate in
order to encourage or discourage the flow of capital into
the economy. Investment demand attempts to quantify
the demand for stocks and bonds. The price index gives
the relative price of goods compared to the past average

price. This metric quantifies inflation[3].
The parameter a in this system is the savings amount,

a ratio between the amount of money saved and the total
amount of money available to the consumer, b in the
system is the cost per investment, a ratio between the
return on investment and initial cost of the investment,
and c is the elasticity of demand, which represents the
cost-dependency of consumer purchases. The first two of
these three parameters can be changed by governmental
regulations enforced by the Federal Reserve. Because
these parameters are actually changed, adjusting these
parameters in an effort to move the map into a fixed point
or orbit is a valid application. Parameter c, however, is
not easily influenced by large-scale policy or law and will
not be explored in this study. In studying this map, we
hope to determine which parameters are most effective
at moving the orbit into a stable space. The dimensions
and parameters are summarized in the following table for
clarity.

Dimension Definition

X interest rate
Y investment demand
Z price index

Parameter Definition

a savings amount
b cost per investment
c elasticity of demand
∆t Time constant of Forward Euler

Approximations
One method to simplify the analysis would be to ap-

proximate the ODEs as a 3D series of Maps as previously
shown by the authors in Financial Modeling using 3D
Maps[? ]. In order to do this, we used a forward Euler
approximation.

For simplicity, the map was only studied for a single
value of the time-step constant. This critical approxima-
tion warranted the need for further analysis. Looking at
the ODEs directly, we were able to show that the approx-
imation used in Financial Modeling using 3D Maps[? ]
was a valid approximation.

In Financial Modeling using 3D Maps, we systemati-
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cally characterized the behavior of the map using stabil-
ity analysis, phase spaces, and bifurcation diagram rep-
resentations to show that the parameter b is volatile and
the smallest change in b causes the greatest change in
the behavior of the orbit. By increasing/decreasing this
parameter, we could move the orbit closer to a stable,
periodic orbit. We also showed that the use of a rudimen-
tary control system can improve the economic outcome
by preventing a stagnant economy.

A more detailed analysis using the original ODEs ver-
ified these results on a quantitative level. However, as
with all approximations, there was some error. We
should really try to figure out what the differ-
ence is before I write too much more. How is it
coming Eamon?

Fixed Points In a map, fixed points are points that
map to themselves. In a flow, fixed points can be thought
of as the points of convergence. Once a system gets to
a fixed point, it does not leave it. The stability of these
points can tell us a lot about the behavior of the system.
For instance, a stable fixed point may have regions of os-
cillation around the fixed point. This could be especially
valuable in the area of financial modeling when a stable
oscillation is the ideal behavior of the system.

Oscillations, Limit Cycles, and Centers The
flow-equivalent of periodic orbits in maps are limit cycles.
These cycles are characterized by a repeating, continuous
orbit. Limit cycles can be either stable or unstable. In
the case of financial modeling, we are looking for stable
cycles. We are trying to find conditions that encourage
reasonable, repeating behavior. Finding these limit cy-
cles in a 3D flow can be accomplished several ways. One
such way involves exploiting the intuition developed in
our exploration of the euler map. We know that taking
b = 0.5 we can find stable cycles. This is evident in look-
ing at the bifurcation diagram of the Euler map shown
in figure ??. We can see that the behavior of X shifts
drastically at b = 0.5. Similar results can be shown for
Y and Z. Having this as a base reference, we could vary
the value of b above and below 0.5 and see the results in
the system.

The bifurcation diagram shown in figure ?? is a type
of bifurcation diagram used to show the end-point be-
havior of flows. This diagram plots the maximums and
minimum values of the curve. On the x-axis is the value
of the parameter b. Each point is the value of the orbit
when it has a zero slope. Essentially, the local maxima
of the orbit. We can see that the orbit is quite periodic
in the X and Z dimensions from b = .25 to b = .5. The
limit cycle, however, shrinks in size as b increases.

The analog of a limit cycle in a map is a period-N
orbit. These periodic orbits can be extremely hard to
isolate and characterize. Determining the presence of
and analyzing limit cycles is a vast improvement over
the techniques used to isolate period-N orbits. Just as
the euler map gives valuable insight into the behavior of

the flow, the behavior of the flow can help characterize
the behavior of the map.
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FIG. 1: Bifurcation of X as b changes for the Euler Map:
There is observable periodic behavior over b = .25 when a = 1
and c = 1. Generally, an increase in b corresponds to an shift
to more stable behavior in X.

Limit Cycles In a financial model, the ideal economic
behavior is a periodic oscillation. A stable economy is
one that swings up and down with some regularity. A
stagnant economy cannot grow and a wildly fluctuating
economy may not survive. In modeling the economy as
a flow, the ideal orbit is one that converges to some limit
cycle. A variety of tools exist to find and describe limit
cycles.

Perhaps the simplest is a visual evaluation of the vector
field. A vector field shows the direction of change of a
flow at any point in 2-dimentions. Because our flow is 3-
dimensional, a more complex visualization is necessary.
Explain ”more complex visualization here” Figure
?? shows the vector field in this way. The limit cycle is
indicated by the color line.

One such tool is the poincaré map. This map is a map
approximation much like the euler map. The poincaré
map, however, maps the intersection of the flow and the
poincaré space. By cleverly defining the space to be
through a limit cycle, the map will show period-2 orbits
at the intersections of the flow and the poincaré space.
In this way we can come much closer to finding the exact
location and character of the limit cycle. The poincaré
space chose for this flow, was

eqhere (2)

This is shown by the description line in figure ??. By
plotting the intersection of the poincaré space and the
flow, we can create a poincaré map shown in figure ??.
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FIG. 2:

There is a clear orbit at X =, Y =, and Z =. explain
what we can see from poincaré map here.

Control Because the map is so susceptible to a change
in b, a control mechanism can be easily implemented. By
scaling b based on changes in X we can control the orbit
to some extent. Because b is the cost per investment,
this should be directly related to the interest rate, X.
Allowing b to float in relation to X is logical in this ap-
plication. If the value of X increased above .15 or 15%,
the cost per investment was decremented. If the value of
X dropped below zero, the value of b was incremented.
Figure 3 shows the reaction of the orbit when a simple
control mechanism is in place. The red orbit shows the
approach to stagnation experienced when the value of b
is excessively lowered in response to X exceeding 15%.
The stabilized economy shown in blue demonstrates that
if the value of b falls below 0, the economy becomes stag-
nant because investment return is negative. The red or-
bit uses the same simple control but does not allow b
to become negative, which means that investments al-
ways have non-negative returns. In this way, by stop-
ping the value of b from falling below zero, the red plot
in figure 3 shows that the economy can be maintained
as non-stagnant if investments produce even small earn-
ings. This rudimentary control was initially implemented
to examine the potential use of the output’s sensitivity to
changes in b. Such control could be implemented to help
regulatory bodies such as the Federal Reserve fine-tune

FIG. 3:

economic parameters to help steer the economy.
Conclusion Our simulations show that this financial

model could be used to predict the outcome of certain pa-
rameter changes depending on the state of the economy.
More importantly, such a model can assist in decision
making in times of market turmoil by allowing policy
makers to adjust economic factors to help the economy
regain stability. The model can also show that the over-
modification of a parameter can lead to a chaotic or a
stagnant economy.

In the current model, we believe that modification of
parameter b can most effectively be used to modify be-
havior. Our analysis shows that b has a direct effect on
the behavior of X, Y, and Z. Additionally, increases in b
often lead to stable or oscillatory behavior, as showing by
the chaotic-oscillatory switch seen in figure 2. Although
increases in a can in many cases lead to similar behavior,
the cost per investment can be more easily regulated and
changed by a governing body than the savings amount.

Although fixed points in this system are considered
stable, economics shows that an economy that is stable
in such a manner is actually stagnant. This can occur
because of too much government regulation or a lack of
power or incentive for the consumer to invest their money.
The ability of the system to reach oscillatory behavior is
very important to maintain a healthy economy. We have
shown that the periodic behavior of the system can be
discovered and achieved through a careful modification of
the parameters. It should also be mentioned that certain
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FIG. 4:

values of b lead to stable behavior with the outputs as
negative numbers. This is not a plausible case because
the interest rate cannot go below 0%. Improving the
control system requires that we account for this behavior.

When looking at any model, it is important to un-
derstand the limitations of that model and the assump-
tions that the author of the model made. The model dis-
cussed in this study was poorly defined and the assump-
tions made are unknown. More research into the model
and/or a different financial model would be an appro-
priate area of future study. Choosing initial conditions
based on actual financial data would encourage accuracy
and increase the applicability of the study. A chance to
delve into the economics behind this model would greatly
enhance the mathematical study. Additionally, the euler
approximation of the model can introduce large amounts
of error. Perusing a study of the non-linearities of the
difference equations themselves instead of the approxi-
mation would also be an interesting area of future study.
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FIG. 5: Chaos to Fixed in 3 Dimensions: There is an ob-
servable change in behavior at the 2000th iteration when the
value of b was changed from .05 to .5. This shows how the
model changes with an increase in b.
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FIG. 6: Blue: Result of rudimentary control of b by increas-
ing the value of b if interest rate is below 0. Red: Same
control as previous with additional provision to set b to .0001
if it falls below zero due to the previous control method

http://www-personal.umich.edu/ alandear/glossary/.

Acknowledgements Special thanks to Professor John
Geddes for teaching us everything we needed to know.
Thanks to Morgan Boes for teaching us everything John
didn’t. Thanks to Dee Montgomery and David Ware for
helping us try to track down obscure sources.


